Studying the motions of complex fluid media involves determining how local quantities that characterize the behavior of single-or multicomponent, homogeneous or heterogeneous media evolve over time and space.
It should be pointed out that the laws of state can only be applied to equilibrium evolution problems. Other laws are needed to investigate irreversible processes, and these are described in Chap. 3.
However, the balance equations presented in Chap. 4 are required to completely solve problems involving complex media in motion, while multiphase media are addressed in Chap. 12.
Defining the State Variables of a Mixture

Classical Parameters
The thermodynamical and chemical states of a homogeneous mixture can be characterized by a certain number of extensive and intensive (bulk) parameters. The more accessible parameters are generally the temperature T (the absolute temperature in Kelvins), the pressure p, the volume of the considered system V, and the mass m j or the number of moles n j = m j /M j of species j (M j is the molar mass of species j). The total mass is 1) where N is the number of species in the mixture. The total number of moles in the control volume V is
We also define specific quantities such as the partial density of species j:
3) the molar concentration per unit volume:
the mean density: 5) and the total number of moles per unit volume:
The mean molar mass is equal to
The molar and mass fractions of the species are (respectively):
and we have
We can also write 
Chemical Progress Variable
A given chemical reaction can be symbolically represented as
In the absence of mass diffusion, any variations in concentration are caused by this chemical reaction. In the presence of diffusion, it is not possible to distinguish the changes in concentration due to diffusion from those due to the chemical reaction. In this case, the concentrations comply with the balance laws for chemical species (see Chap. 4) . The changes in concentration due to a chemical reaction are characterized by a progress variable ξ per unit mass, or ζ per unit volume with ζ = ρ ξ, such that
(2.14)
The expressions for X j and Y j are then as follows: 
Definitions Required to Describe a Reactive Fluid
In contrast to the case for the homogeneous mixture considered in Sects. 2.1.1 and 2.1.2, the properties of a flow are seldom uniform, and so it is not sufficient to simply provide the values of the quantities T, p, X j . These quantities vary over space and time. There are, however, local parameters (specific or intensive) that define the state of the system at any point, so we then have T (x, t), p (x, t); ρ(x, t) , C j (x, t) (for unit volume) and Y j (x, t), n j (x, t) (for unit mass). This is the local state postulate. 1 Moreover, each (infinitely small) particle of fluid is also characterized by mechanical parameters. We define N velocity vectors v j (x, t), j = 1, ... N and also:
• The barycentric velocity: v = (1/ρ) 
Fig. 2.1. Diffusion of species in a continuous medium
Due to the difference between the specific velocities v j and v i , the domain common to both species i and j at time t is generally divided into two separate domains at time t .
Each chemical species then exhibits its own motion ( Fig. 2 .1), although it is generally considered that these are not very different from the average motion. At time t, and per unit volume of the mixture, the mass of species j produced by the chemical reaction per unit time iṡ
(2.16)
In the absence of diffusion (V j = 0), the following equations are obtained for only one reaction and for K reactions, respectively:
(2.17)
The Case for Solids
The state of a solid depends on more variables than the state of a fluid. These additional variables allow us to characterize its strains and corresponding stresses, and they are most naturally presented in tensorial notation.
The thermodynamic state of a one-component solid does not depend only on the temperature and the specific volume, as is the case for a fluid, but also on the deformation variables. According to the classical theory for small deformations, the new variables form a symmetric 2D tensor . To define , we must first describe the continuous medium in Lagrange coordinates (a, t) , where a is the material reference position at time t = 0. Any material position x at time t is defined as a function x = Φ(a, t) = a + X(a, t). For small deformations we can write x = Φ(a, t) = a + ηx (a, t) , where η is a small parameter. The gradient H of X(a, t), the components of which are H ij , can be decomposed into its symmetric and antisymmetric parts and r:
The thermodynamic state of a deformed solid depends only on the symmetric part .
The following section briefly reviews the laws of thermodynamics and their application to one-component fluids and solids; subsequent sections will then consider composite fluid systems.
Thermodynamic Functions and Equation of State for Simple Fluids and Solids
Thermodynamics Reminder
The laws of thermodynamics govern the equilibrium states of closed (i.e., no mass exchange with the outside), simple, or composite systems [38, 97] .
Among those that are possible for such a system, there are a subset of equilibrium states that form a continuous differential manifold (M). This manifold (M) can be visually interpreted as a surface or a family of surfaces. Points on this surface correspond to states of equilibrium, and so the region beyond this manifold corresponds to nonequilibrium states. Any trajectory through this space (broken line in Fig. 2 .2) between equilibrium states E 1 and E 2 represents a thermodynamic transformation. If this trajectory occurs across the surface (continuous line in Fig. 2 .2), any intermediate state between E 1 and E 2 is a state of equilibrium. Therefore, the continuous line in Fig. 2 .2 represents a reversible transformation. The evolution of this line over time corresponds to the evolution of the equilibrium of this system. The broken line corresponds to an unspecified transformation and does not occur entirely within (M).
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On the manifold (M), we allow the existence of two differential forms dQ and dW that represent the elementary heat and work added to the system during the reversible transformation, respectively.
Fig. 2.2. Reversible and irreversible transformations
First Law of Thermodynamics
Q and W are the heat and work done by a closed system during an unspecified transformation between two states of equilibrium E 1 and E 2 . Thus,
where E is a function called the internal energy that depends only on the equilibrium state of the system (E depends only on the variables of state and can be regarded as state variable itself). When Q = 0, the transformation is said to be "adiabatic." For a reversible elementary transformation we have 19) where dW and dQ are differential forms. On the other hand, for an elementary (infinitesimal) unspecified transformation,
(in the general case, δW and δQ simply indicate small quantities rather than differential forms). We can extend this to a system at equilibrium in Galilean reference frames with different velocities in states 1 and 2:
where K represents the kinetic energy of the system. For a reversible elementary transformation, we have
This relation corresponds to the principle of the conservation of energy (the first law of thermodynamics).
Second Law of Thermodynamics
The second law of thermodynamics is not elaborated in detail here. Only the Carathéodory statement [97] is recalled below.
Statement of the Principle of Carathéodory for a Closed System:
Consider an equilibrium state for a system. In the vicinity of E 0 , there is a state E 1 on the manifold (M) that cannot be reached from E 0 through an adiabatic transformation.
This statement implies the existence of a function of state S called the entropy, such that:
• dQ = T dS for an elementary reversible transformation (i.e., this relation is true on the manifold (V)).
• S 2 − S 1 ≥ 0 for an unspecified adiabatic transformation. The equal sign applies if the transformation is reversible, and so in this case
Note: It can be shown that, for a simple system (dependent on two variables), there is always an integrating factor, and so the first part of the second law is always obeyed.
Extensions:
For an unspecified infinitesimal transformation,
For an unspecified transformation (not inevitably adiabatic),
In the general case, the main difficulty here involves determining the external variation in entropy Δ e S (the entropy flux from the outside) and the internal variation Δ i S (the entropy produced). These laws extend to transformations between nonequilibrium states if we can define (depending on the case) the functions E and S as well as the temperature T .
Properties of Simple Fluids at Equilibrium
When the fluid undergoes a reversible mechanical transformation, the elementary work done is equal to
Since it is also known that dQ = T dS, (2.26)
we can deduce that, for a closed fluid domain (no mass exchange with the outside),
When the mass m of a one-component fluid is fixed, its internal energy is a function of S and V. This function has partial derivatives with respect to S and V that are the temperature T and the negative of the pressure (−p). The internal energy also depends on the mass or (equivalently) the number of moles of fluid considered (which is constant for a closed system):
where n is the number of moles. Therefore,
We then set
where μ = Mg, where M is the molar mass. This leads to the Gibbs equation
Establishing the Gibbs-Duhem Relation: 32) because E, S, V, and m are extensive quantities. E is thus a homogeneous function of the first degree in S, V, and m. Using Euler's theorem and the preceding definitions of T, p and g, we get
m.
In the same way, we can obtain
Using this relation and the Gibbs equation, we can deduce the Gibbs-Duhem equation 0 = S dT − V dp + m dg, (2.35) or 0 = S dT − V dp + n dμ. (2.36)
Other Thermodynamic Functions
The usual thermodynamic functions that are derived from the internal energy E are the enthalpy H, the Helmholtz free energy F , and the Gibbs free enthalpy G. We have
The enthalpy is a function of the variables S, p and m. We can write
In the same manner, we obtain the following relations for the Helmholtz free energy: 39) and for the Gibbs free enthalpy we obtain
The partial derivative g is thus the free enthalpy per unit mass, just as μ is the molar free enthalpy. For unit mass and ϑ = 1/ρ, we get T, p) , dg = −s dT + ϑ dp. (2.41) For one mole (indicated by bars above symbols), s, ϑ) , where e(s, ϑ) is a known function), is the fundamental energy law for the fluid. If this law is known, all of the thermodynamic properties of the fluid are also known. This remark also applies to the other thermodynamic functions expressed in terms of their original variables. On the other hand, it is not sufficient if only one partial derivative is given; two of them are required, constituting the laws of state for the fluid.
Examples of Laws of State Perfect Gases, Standard State
We have pV = RT , the law of state for one mole of a perfect gas [33, 109, 267] . Using the Gibbs equation, noting that p/T = R/V and S = S(E, V), we get
(2.44) Note that ∂ 2 S/∂E ∂V = ∂ 2 S/∂V ∂E since E and V are the natural independent variables of the problem of interest, or ∂(1/T )/∂V = ∂(p/T )/∂E = 0 because p/T = R/V. Thus T depends only on E, or conversely E is a function of T alone. The law of state for a perfect gas thus imposes a constraint, but does not provide the dependence of internal energy on temperature. We need the second law of state:
Therefore, two laws of state are necessary to define the thermodynamic behavior of a simple fluid, or an energy law in canonical form (see Eqns. 2.42). The latter is, for the perfect gas,
The pressure p 0 is a standard pressure (generally p 0 = 10 5 P a), and
3 By deriving μ with respect to T and p, we can deduce the classical laws of state for a perfect gas: 
In the same way,
Heat capacities: For a reversible elementary transformation, we know that dQ = T dS. At constant volume, dE =d Q = T dS = CvdT , where Cv is the molar heat capacity at constant volume. For a perfect gas, Cv is a function of T only, and we
0 is a constant corresponding to the value of the molar internal energy at some standard temperature T 0 . At constant pressure, we have dH =d Q = T dS = CpdT , where Cp is the molar heat capacity at constant pressure.
For a perfect gas, Cp is a function of T alone, 0 are considered arbitrary constants if the studied phenomenon involves just one pure gas. This is not the case if a reactive mixture is of interest, as we will show later.
Real Fluids
The state diagram for a pure substance is represented schematically in Fig.  2 .3.
The perfect gas domain corresponds to small pressures and large volumes. We will discuss this point in more depth in the following with respect to van der Waals EOS (see Fig. 2 .4 and the associated discussion).
Another important observation is the existence of the liquid-vapor critical point C (see Appendix A.5.1 for the thermodynamic properties of fluids near the critical point).
Since the law of state is generally given in the form p = p(T, V), where T is the temperature and V is the molar volume, we will define a standard molar volume V 0 corresponding to the standard state of an ideal gas at the temperature T 0 , where the standard pressure p 0 is given by p 0 V 0 = RT 0 . Such a standard state always exists. 
Approximate method for determining thermodynamic functions:
Starting from the equation of state, it is possible to determine the Helmholtz free energy as a function of T, V, and the other thermodynamic functions using an approximate method. To do this, we assume that there is a standard reference state defined by the molar volume V 0 such that, for V > V 0 , the fluid can be considered a perfect gas; i.e., pV = RT . As ∂F /∂V = −p(T, V), we can write
T is the standard value of the molar free energy of the perfect gas at V = V 0 . We write
This integral can be written as
since the fluid is considered to be a perfect gas if V > V 0 . We then deduce that
van der Waals Fluids
The equation of state for a van der Waals fluid is
This equation of state is the simplest one for real gases and liquids. It takes into account the minimum distance between the molecules and the interactions between them. For rarefied gases a/V
and for a perfect gas (
2 is a few tens of thousands of atmospheres), so we can often ignore p, and thus
Proof: With the reduced variables x = V/VC, y = p/pC, z = T /TC, the van der Waals state equation can be written as y = 8z/(3x − 1) − 3/x 2 . Using these variables, the equation of state for a perfect gas becomes y pf t = 8z/3x. The fluid can be considered a perfect gas if y −y pf t 1. The isobars z = (3x−1)(y +3/x 2 )/8, y = const. are shown in Fig. 2 .4. It is clear that these curves tend to become straight lines when the relative volume increases. This proves that, for a van der Waals fluid, one can define a standard state on any isotherm at a given temperature T provided that the values of the parameters are chosen in the appropriate region. This result, which is related to the definition of a perfect gas, does not depend on the fluid considered. If is an arbitrarily small number, we can assume that the pressure in the van der Waals law is equal to that of a perfect gas with a relative error if
It is easy to see that if x ≥ 1/3 , we also have z ≥ y/8 .
We now directly determine the forms of the internal energy, the entropy, and the molar free enthalpy of a van der Waals fluid. We have
, where V 0 corresponds to a standard reference state,
4 If we apply the previous approximate method, we obtain the formula F = 
Other Laws for Dense Gases and Liquids
The following form is applicable to the van der Waals, Redlich-Kwong, and Peng-Robinson [44, 210, 233] equations of state: 50) where u and w are coefficients. For the Peng-Robinson equation,
where the constant ω, called the acentric factor, has been tabulated for numerous species. Prausnitz, and Poling [233] provided the data needed to obtain the equation of state p = p(T, V) for some bodies as well as to determine the molar thermodynamic functions for perfect gases (heat capacities C p,j J/mol K, standard enthalpy of formation (Q 0 f ) j at 298.2 K in J/mol, and free enthalpy of formation (μ 0 0 ) j at 298.2K and 1 bar in J/mol.
Dilatable Incompressible Liquids
Liquids are generally not very compressible except when they are near the critical point.
• In other words, the compressibility coefficient (isothermal) as defined
)T is generally small (on the order of 10 −4 bar −1 ). However, while it is small, neglecting compressibility implies that the speed of sound is infinite, whereas it is known to be finite (e.g., the speed of ultrasound is on the order of 1000 m/s). The resulting dilatation is characterized by the thermal dilatation
ume, where pr and Tr are a reference pressure and temperature, and Vr is a reference molar volume; χL and αL are assumed to be constant. We deduce that
, and so χ ∼ = χL, α ∼ = αL provided that χL |p − pr| and αL |T − Tr| 1. This latter formula corresponds to the linearization of a more general equation in the vicinity of pr and Tr.
• The corresponding equation of state is
Let us consider the case of a liquid for which the molar volume is only a function of the temperature V ∼ = V 0 T . We will use the function F , meaning that F = F (T, V) is a function of the temperature alone here; i.e., F = F 0 T . We deduce from this that
(2.52)
Real Gases: The Virial Formulae
The virial formulae allow us to model real gases relatively accurately. They make it possible to express V according to p and T or p as a function of V and T using expansions. Thus, we have
(2.53)
Or, conversely,
Coefficients A,B,C . . . are functions of temperature 6 . By performing the expansions while assuming that the quantities p and 1/V are small, we find that C = 2B + RT C . We then obtain the perfect gas law by canceling the coefficients of the virial B,C . . .
The coefficient B characterizes the first-order molecular interactions. When V is large (p is small), the van der Waals law becomes p =
, and thus takes the form of a limited virial expansion p =
By limiting the expansion of the virial to the coefficient B, we can easily calculate the thermodynamic functions by introducing functions of the temperature to be determined. Since V = ∂μ/∂p = RT /p + B, we find that
where p 0 is the standard pressure. Defining the fugacity f via μ = μ
The molar free energy is a function of T and V. We have p = RT (1+B/V)/V = −∂F /∂V, which yields 58) which leads to
and gives the expression for F 0 T as a function of μ 0 T :
The supercritical fluid case is presented in the Appendix (see Sect. A.5.1).
EOS for Solids
The internal energy of a solid is E = E(S, , m), which depends on eight variables (or seven variables if we assume unit mass or consider one mole of the solid). The simplest equation of state is obtained for elastic solids. For a fluid, the conjugate of the volume is the negative of the pressure. For a solid, the conjugate of the strain tensor is the stress tensor Σ. In the framework of the small perturbation theory, the EOS for thermoelasticity is
where θ = T − T 0 is the deviation from the reference temperature T 0 , and λ, μ, K = (3λ + 2μ)/3 are coefficients calculated for isothermal elasticity, and α is the coefficient of dilatation. We therefore have
where E is Young's modulus and ν is the Poisson coefficient such that
A second equation of state is needed to completely define the thermodynamic behavior. This equation gives the entropy:
where β = ρ 0 c /2T 0 and c is the specific heat per unit mass of the solid at constant strain: c = (dq/dT ) = T (∂s/∂T ) . The specific heat per unit mass of the solid at constant stress can be defined in a similar manner to that for fluids; i.e., c Σ = (dq/dT ) Σ = T (∂s/∂T ) Σ . We then have c Σ = c +3Kα 2 T 0 /ρ 0 . The free energy is
and the internal energy can be deduced from the relation e = f + T s.
Properties of Mixtures
General Information
We will only treat gas mixtures and homogeneous liquid solutions here [71, 214, 109, 181] . The preceding arguments remain valid. In particular, for a closed system at equilibrium, we always have
If an unspecified component of the mixture is denoted by j, we have
In the same way, we always have
We define the molar chemical potential μ j of species j as 67) and so, according to the properties of homogeneity,
We extract from these two equations the Gibbs-Duhem relation
Note that, for a closed system in moving equilibrium (reversible transformation), it is necessarily the case that
However, we will consider cases where this relation is not obeyed for closed systems. Each component will be regarded as being at equilibrium in the mixture, but there will not be a mutual equilibrium between the components. There are irreversible evolutions of chemical origin. In this case, we can always write δE = δW + δQ, but if δW is always equal to −p δV, δQ will obey
where the equals sign corresponds to reversible evolution. The symbol d of the differential forms and the symbol d are obviously replaced by δ, which is characteristic of unspecified infinitesimal transformations.
Using the internal energy, we can also define the thermodynamic potentials
The thermodynamic functions for a given mixture cannot generally be deduced from the thermodynamic functions for the pure substances. Thus μ j , the chemical potential of j in this mixture, is different from the thermodynamic potential μ • j of the pure substance j (μ of the pure substance j).
Partial Molar Quantities
To express the laws of state in the absence of a known fundamental energy law E(S, V, n j ) or H(T, p, n j ), one often uses the partial molar quantities. If ϕ is an extensive thermodynamic function, the partial molar quantities of this extensive quantity will be
(2.74)
Using the Gibbs equation, we find that
(2.75)
In the general case, we set
The extensive quantity ϕ(T, p, n j ) is homogeneous to the first degree with respect to n j . It follows from this that
This result is valid for E,S,V . . . and
(2.79) 7 Initially, it is as if each species j constitutes an autonomous subsystem that is characterized by its own internal energy Ej and its own variables Sj,Vj ,nj . If this was really the case, it would be necessary to obey the Gibbs relation for each subsystem; i.e., dEj = T dSj − p dVj + μj dnj. However, this is not the case in general. Indeed, dEj = T dSj − p dVj + μj dnj + Sj dT − Vj dp + nj dμj = T dSj − p dVj + μj dnj + nj (Sj dT − Vj dp + dμj); i.e., dEj = T dSj − p dVj + μj dnj + nj j (∂μj/∂ni)T, p, n k =i dni. It would therefore be necessary, to ensure that the preceding assertion is obeyed, for j (∂μj /∂ni)T, p, n k =i dni = 0. This is not true for most cases. However, the results are simplified for ideal mixtures.
Ideal Mixture
If μ • j is the molar thermodynamic potential of the pure substance j, we have μ
. We know that X j = n j /n is the molar fraction of j, where n = j n j . A mixture is ideal if
(2.80)
We then find that
; that is to say
Thus, partial molar volumes of the species j are unchanged compared to the components in a pure state. In the same way,
(2.84)
Mixture Quantities
The mixture quantity associated with the parameter ϕ is the quantity
(2.85)
For an ideal mixture,
(2.86)
Activity
The activity 8 of species j in a mixture is denoted a j , where
For an ideal mixture, a j = X j . In the general case,
Ideal Mixture of Perfect Gases
For a perfect gas,
(2.89)
The partial pressure is defined as follows:
It follows from this definition that
Recall that
We can therefore see that the formalism used for simple systems will also be valid for component j, with the proviso that this component occupies the total volume of the mixture with a partial pressure of p j at the temperature T . The classical relations are thus valid in this case; in particular the Euler, Gibbs, and Gibbs-Duhem relations:
(2.95)
Here, the total system (mixture) can be regarded as the sum of N subsystems whose extensive properties are additive:
Therefore,
It is important to note here that, as we mentioned in Sect. 2.2.3, the tabulated standard thermodynamical functions are not independent of each other.
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A number (equal to the number of elements in the periodic table) of basic species are defined from which all chemical species can be formed through chemical reactions. These basic species are generally stable at atmospheric temperatures, and their enthalpies are zero under standard conditions. However, the enthalpies of the other species are not zero under standard conditions, but are instead equal to their heats of formation from basic species (see for example [10] ).
If we use the variables T, V, Xj instead of T, p, Xj , the Helmholtz free energy is then
F = j nj [(F 0 T )j + RT ln(V 0 Xj /V)], (F 0 T )j = (F 0 0 )j + RT ln(T /T 0 ).
A Mixture of Real Gases That Obeys the Virial Relation
For one mole of a real gas that obeys the virial relation (limited to coefficient B), we have
(2.97)
Starting from statistical thermodynamics, and considering first-order molecular interactions, it can be shown that
in a mixture, which leads to the following expression for the chemical potential of a binary mixture:
For N species,
The B ij coefficients relate to the interactions between molecules of type i and j, so B ij = B ji . Note that the mixture is ideal, in the binary case, for B 12 = (1/2) (B 11 + B 22 ). However, this case is not supported by any experimental or theoretical justification, so it is a completely arbitrary assumption.
Liquid Solution
Let us consider a mixture of two liquids in the presence of their vapors, constituting an ideal mixture of perfect gases at a given T :
(2.100) Let us consider a reversible evolution with p and T remaining constant. We have two differential forms dW = −p dV, dQ = T dS (see Fig. 2 .5), and dE = T dS − p dV, which leads to dG = −S dT + V dp.
Therefore, for any reversible evolution of the system, with T and p constant, we have μ
The equilibrium of each pure liquid with its vapor at the same temperature is given by (μ
• j is the saturated vapor pressure of species j.
By subtraction, 
( 2.102) Often, one of the components of a solution obeys Raoult's law, but not necessarily the other. How can we determine a 2 , knowing that a 1 = X 1 ? We can write the Gibbs-Duhem equation for a given p and T : n 1 dμ 1 + n 2 dμ 2 = 0 or X 1 dμ 1 + X 2 dμ 2 = 0. This gives X 1 RT dX 1 /X 1 + X 2 RT da 2 /a 2 = 0, with dX 1 + dX 2 = 0. Then da 2 /a 2 = dX 2 /X 2 , and
, we obtain Henry's law.
Mixture of Real Fluids
Just as we did for real pure fluids in Sect. 2.2.3, we can model mixtures of real fluids that do not obey the virial relation. To do this, we first consider a standard reference state that is an ideal mixture of perfect gases corresponding to the low pressure limit (or a large molar volume) of a mixture of real fluids, and then consider the rules of mixture that govern the equation of state.
Rules of Mixture For a Real Mixture
The rules of mixture are semi-empirical. For van der Waals, Redlich-Kwong, or Peng-Robinson laws of state, we have [210, 233] 
(2.104)
Knowledge of the correct rules of mixture and the correct coefficients k ij (some data are available) is essential in order to deduce the laws of state.
10
Several rules of mixture exist. If Q is a parameter, and Q m is its value for a mixture, the general van der Waals expression is
(2.105)
Q ii = Q i for the pure substance, and Q ij where i and j are different corresponds to mixtures. Using this general expression, we can consider the following rules:
More sophisticated rules involve binary interaction parameters k i, j that are usually independent of temperature, pressure and concentration, such as:
, where for example k ii = 1 and k ij =i is determined experimentally
Unlike a one-component fluid, there is no critical point for a mixture, but we can define a pseudo-critical state (see the Appendix, Sect. A.5.1).
10 For example, the couple naphthalene-CO2 yields n 2 am = n 
Expression for the Free Energy of a Real Mixture
Euler's relation results from the first-degree homogeneous character of the thermodynamic potentials in the extensive quantities upon which they depend (and from the zero-degree homogeneous character of the thermodynamic potentials in the intensive quantities upon which they depend, if necessary). The free energy F of a mixture is expressed in canonical form as a function of its temperature T , its volume V, and the molar amounts of the species n j , j = 1 . . . , N. The partial derivatives of F are:
so the Euler and Gibbs relations are (respectively): 107) and the Gibbs-Duhem relation is found to be 0 = S dT − V dp
We saw previously that if we know the rule of mixture it is then possible to express the pressure p of the mixture as a function of the temperature T , the volume V, and the molar amounts of the species n j , j = 1 . . . N. These variables are the canonical variables of the free energy. We have
Integrating (2.109) with respect to V leads to
where V 0 is a standard volume. The standard state is thus characterized by the values T, V 0 , n j . One can assume, as described in Sect. 2.2.3 for pure substances, that it is always possible to find a standard value V 0 such that the mixture is an ideal mixture of perfect gases for values of V ranging between V 0 and infinity. The preceding relation can then be written as
is given by the relation
Thus, knowledge of the rule of mixture that gives p as a function of T, V and n j on the one hand, and the thermodynamic functions of the ideal mixture-i.e., mainly the quantities (
-on the other hand, is sufficient to allow the determination of the free energy of the real fluid mixture.
Reactive Mixtures
Enthalpy of a Chemical Reaction
Consider a chemical reaction, such as that shown in (2.12) where ξ is the progress variable, in a homogeneous mixture. We define the energy r T,p released by this chemical reaction at a given T and p as
For a mixture of perfect gases we obtain (see [10] ) Recall that, for a perfect gas, the standard enthalpy (H
The quantity ΔH is the energy released by the chemical reaction per mole for an ideal mixture of perfect gases at constant temperature and pressure.
For a combustion reaction, which is exothermic, ΔH is positive. The quantity
is then the heat released during the combustion reaction. For a multireactive mixture (see Eq. 2.17), the heat released becomes 11 11 As noted in [206] , the full termẆ T = − jẆ j hj , including the contributions from sensible heat enthalpy (i.e., the enthalpy due to an increase in temperature) terms, is also called the "heat released" by various authors.
Entropy Production in a Homogeneous Reactive Mixture
In Sect. 2.3 we noted that the given laws of state did not imply that the system studied (the mixture) was necessarily at equilibrium. Each component j (which has a chemical potential μ j that is a function of T, p, and n j , and can also depend on n i where i = j) of the system was considered a subsystem that was always at equilibrium; however, mutual equilibrium did not necessarily occur between such subsystems. The system was a homogeneous mixture with uniform thermodynamic properties, while the subsystem for each component was comparable to an open subsystem due to the potential for chemical reactions. It was apparent from (2.71) that, in all cases, the entropy produced during an infinitesimal transformation was
For a single chemical reaction (as given by Eq. 2.12, with stoichiometric coefficients ν j ), in the absence of diffusion (which is the case for a homogeneous closed system with uniform properties), we have
where ξ is the progress variable for the reaction. The production of entropy becomes
The chemical affinity A is defined as
In this case,
where an equals sign would correspond to the equilibrium of the mixture. Two equilibrium cases are possible:
• δξ = 0, so the mixture is frozen; i.e., the concentrations of its components do not change, meaning that the chemical reaction does not take place or that it is completely inhibited • The component concentrations can evolve during the reversible transformation, yielding A = 0; i.e., chemical equilibrium.
Aside from these two cases, equilibrium is not possible-the transformation is chemically irreversible and
The Gibbs relation then becomes
The mixture is at equilibrium, or is undergoing a reversible transformation, if
We then derive the expression for the second law for reversible transformations:
For a chemically irreversible transformation, 125) where the term T δ i S is equal to A dξ = − j μ j dn j .
Chemical Reaction at Equilibrium for a Mixture of Perfect Gases
We know that, for species j in a mixture of perfect gases,
where (μ 0 T ) j is a function of the temperature alone. The chemical affinity of a given reaction will be 127) or, since p j = C j RT ,
we therefore obtain
Note that K C is a function of T alone. When the reaction is at chemical equilibrium,
The function K C (T ) is termed the equilibrium constant of concentrations. 
Mixture of Perfect Gases in Chemical Equilibrium
Equilibrium Composition
The results in the previous section were obtained for a given chemical reaction within the mixture. Let us consider now a multireactive mixture. Suppose that all of the species in the mixture can be derived from a certain number of basic species present in the mixture:
The conservation equations for the basic species are: 133) meaning that the n i , i = (L + 1), . . . N, form a system of progress variables, and the affinities of formation for the reactions are then
(2.134)
12 Note that there is also an equilibrium constant of partial pressures Kp(T ), defined as ln
By setting
At equilibrium, A i vanishes and we get
We can solve the system of equations obtained by noting the relation ρ n i = C i , where n i is taken for the unit mass of mixture (n i = Y i /M i ).
Specific Heats and Other Coefficients at Chemical Equilibrium
In order to analyze a fluid mixture flow while assuming chemical equilibrium, we need to:
1. Calculate the mixture composition at a given pressure and temperature from the previous equilibrium relations 2. Determine the partial derivatives of the thermodynamic functions.
We will not discuss the numerical methods that can be used to calculate the mixture composition in detail here (for more on this, see for example [10] ).
At constant composition, for a mass m of an ideal mixture of perfect gases (called a "frozen mixture" or a "mixture with a frozen composition;" m is a given mass that may be unit mass), we simply have 138) or, for a mixture with unit mass,
For the isentropic exponent γ f and the characteristic speed a f , we have (respectively):
This type of result makes it possible to determine the variables as functions of one of them provided the coefficients obtained do not vary too much in the vicinity of a given state. We then get laws of the form
At chemical equilibrium, the problem is more complex. The chemical composition (the values of n je , j = 1 . . . N) is obtained by noting
In particular, we must also determine partial derivatives that characterize the variation in composition:
where n(p, T ) = N j=1 n j = p/ρRT is the total number of moles of a unit mass of the mixture (these coefficients D T , D p vanish for a frozen mixture).
13
We then obtain
Note that it is not sufficient to replace c pf with c pe in order to calculate equilibrium quantities such as γ e , a e , or (∂ ln T /∂ ln p) e . For instance, we have
Also note that we have not discussed the signs of the different coefficients that we introduced in this section. Such a discussion needs to take thermodynamic stability into account; this is addressed in Sect. 2.5.
Unspecified Multireactive Mixtures
Let us assume that the number of reactions K is fixed and that the progress variables are ξ 1 , ξ 2 , . . . ξ K . There are then K chemical affinities that vanish at equilibrium. These reactions are not inevitably independent; i.e., the rank of the matrix for ν jr can be lower than K. If this is the case, we must choose R independent relations among the K present and thus define a number R of "reduced" progress variables ξ 1 , ξ 2 , . . . ξ R .
Reactive Solutions
This time, consider a reactive liquid solution in equilibrium with its vapor at a temperature T and pressure p. For each component we have
The entropy production due to chemical irreversibility is
In the case of only one reaction, we set
and we find that
This time, 149) and, at equilibrium,
Extension to Nonequilibrium Mixtures
The results obtained above also allow us to consider cases where the chemical affinities do not cancel. For instance, the rate of entropy production for a one-reaction mixture will be
Chemical kinetics (see Sect. 3.4) allows us to obtain the expression for the reaction rateξ as a function of the state variables and then to determine the time evolution of the mixture.
Thermodynamic Stability
Sections 2.1 to 2.3 discussed the significance of the first derivatives of the internal energy with respect to the extensive quantities on which the internal energy depends. For a mixture of N chemical species [181], we have 152) and (2.65) and (2.66) lead us to deduce that
The chemical potential g j per unit mass was also introduced, where g j = μ j /M j , and this leads to results similar to those shown above:
We see here that the second law of thermodynamics leads, in the case of stable equilibrium, to conditions on the partial second derivatives with respect to the extensive variables of the internal energy, and this has consequences for the usual quantities and relations. This is thermodynamic stability.
The Stability Matrix
We now consider a mixture of N species distributed on both sides of a nondeformable, adiabatic and impermeable surface inside a container. The walls of the container are isolated from the outside (see Fig. 2 .6a). Each subsystem is at thermodynamic equilibrium, with fixed concentrations. If we remove the wall (we assume that this requires a negligible amount of work and that no chemical reaction takes place during the transformation), the mixture then occupies the entire container and will naturally reach a new state of equilibrium. This is a characteristic of a medium with thermodynamic stability (see Fig. 2.6b) .
We then obtain the following relations: 
The first-degree homogeneous character of the function E = E(S, V, n j ) enables us to write
This leads us to conclude that E = E(S, V, n j ) is a convex function. It is easy to show that this result implies a positive definite stability matrix: In this case of a symmetrical matrix, the necessary and sufficient condition for this is that all of the principal minors should be positive. Thus,
What are the consequences of this for a mixture of unit mass? We need to consider the relation
This relation does not modify the convexity of the function E, which then becomes e and depends on N + 1 independent variables instead of N + 2. This result can be generalized if an additional condition on concentration variations is given. For a certain number R of independent progress variables, we have 
Specific Heats
c v = (dq/dT ) ϑ = T (∂s/∂T ) ϑ = T /e ss > 0, c p = (dq/dT ) p = T (∂s/∂T ) p ,(2.
Case of a Mixture with One Degree of Chemical Freedom
If the mixture has a frozen chemical composition, the results are similar to those shown above:
If the mixture is at chemical equilibrium, we have
(2.178)
On the other hand, we cannot say anything about the signs of quantities such as
The b/a ratio, which is equal to (−e ξξ ), is always negative.
Case of a Mixture with Several Degrees of Chemical Freedom
The inequalities obtained in this case are the same as those obtained for only one degree of freedom. We can also consider thermodynamic states in which some of the ξ r are constant and the A r corresponding to the other ξ r are equal to zero. We can then define new inequalities, specific heats, and characteristic speeds, such as 
Surface Tension
To a first approximation, the fluid-fluid interface can be considered an autonomous two-dimensional medium that is characterized by thermodynamic properties, in the same manner as for three-dimensional media (a more precise theory is presented in Chap. 11). We will first present thermostatic relations for the one-component case, and then address multicomponent fluids.
One-Component Fluid-Fluid Interfaces
For a one-component interface with one mole of surface area Σ, a surface tension σ, and at a temperature T , we can write E a = T S a + σΣ + μ a = E a (S a , Σ). (2.182)
We then obtain the following Gibbs and Gibbs-Duhem relations:
15 dE a = T dS a + σ dΣ,
(2.183)
For the liquid-vapor interface of a pure substance, it is generally assumed that the surface tension is a function of temperature alone. We then have σ = σ(T ). The usual thermodynamic properties are easily deduced using the interfacial free energy F a . For one mole,
(2.184)
Therefore, −∂S a /∂Σ = dσ/dT is a function of T only. dσ/dT is usually negative. We deduce from this relation that Let us consider, as an example, a vapor bubble inside a liquid under zerogravity conditions (see Fig. 2 .7). The system is at a uniform constant temperature T and is subjected to a constant pressure p through the use of a piston.
Fig. 2.7. A vapor bubble inside a liquid under zero-gravity conditions
For each of the three subsystems we have (2.192) For the whole system we have
Example of Water at 300K: ln(p g /p • ) ∼ = −10 −9 /r, where r is in meters. The vapor pressure decreases rapidly with the bubble radius, and vanishes when r vanishes. However, we must take into account the fact that, for a radius that is of the same order of magnitude as the intermolecular distances within the liquid, the surface tension is dependent on r. The liquid pressure p l = p is smaller than the vapor pressure by the quantity 2 σ/r. At equilibrium, p can reach very small values for very small radii. Therefore, for a pure confined liquid, it will be necessary to apply significant force to the liquid in order to create a vapor bubble.
Remark: We now invert the above problem by considering a liquid drop suspended in its vapor [33] . Again using water as an example, we have ln(p g /p • ) ∼ = 10 −9 /r for small values of r, and p l − p g = 2 σ/r. For small droplets, the vapor pressure is very high compared to the saturated vapor pressure of the planar (or weakly curved) liquid surface. This phenomenon is unstable. There is an equilibrium radius r * for a given vapor pressure p g > p, and any droplet that is smaller than r * tends to evaporate, while any droplet that is larger than r * tends to increase.
Finally, we should mention that capillarity influences chemical reactions in bubbles, as demonstrated by A. Sanfeld et al. This is easily understood by noting that the concentrations in a gas mixture at equilibrium are sensitive to the pressure, and that higher pressures occur in small bubbles, as we have seen. More on this issue can be found in [245] .
Cases with a Nonuniform Surface Temperature
When there is a nonuniform surface temperature, we cannot assume that the system is in complete thermodynamic equilibrium. Examples of motions induced by nonuniform surface tension due to surface temperature fluctuations are given in Chap. 7 (Sects. 7.9.1 and 7.9.2). Of course, local equilibrium is always present, and a simplified equation of state can be obtained by assuming a constant derivative dσ/dT for the surface tension. However, more detailed empirical EOS formulae are also available in this case.
Multicomponent Fluid-Fluid Interfaces
For the multicomponent case, we can write an expression for the internal energy of a given mass of interface as a function of temperature, specific area, and specific molar amounts of species at equilibrium. We then have Numerous expressions for the multicomponent interface EOS can be found in the literature, but it is difficult to find a general formula. In addition, surface tension is very sensitive to the presence of surfactants. Fortunately, in some common cases, we can assume that the derivatives ∂σ/∂n ja are constant.
